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3Introduction 
   Many important problems in gasdynamics have successfully 
been studied by means of macroscopic equation of motion 
with the mass velocity, density and temperature as inde-
pendent variables and involving various coefficient, e.g., 
viscosity, heat conduction etc. As the density of the 
 gas is lowered, however, the mean free path (or mean colli-
sion period) of gas molecules becomes comparable to a dis-
tance (or time) in which we are interested from the physi-
cal standpoint. The macroscopic treatment then becomes 
invalid and we must resort to a more fundamental and gen-
eral microscopic formalism. The Boltzmann equation is 
generally accepted to be a fundamental equation of rarefied 
gasdynamics for the entire range of conditions from con-
tinuum to free molecular flow. However, the solution of 
this equation is, in general, very difficult even in cases 
corresponding to physically simplest situations. 
   One of the fundamental problems to be investigated in 
rarefied gasdynamics will be the response of the gas when 
the condition (e.g. velocity, temperature, etc.) of a solid 
boundary in it changes appreciably in a short time (compa-
rable to mean collision period of gas molecules). As a 
simplest case of such phenomena, we consider in the present 
paper the generalized Rayleigh problem. Namely, we inves-
tigate the behavior of a dilute gas bounded by an infinite 
flat wall when the wall is impulsively set into uniform
motion parallel to itself  and at the same time its temper-
ature is changed suddenly. 
   We use throughout the present paper the B-G-K model of 
Boltzmann equation suggested by Krook et al., in which 
collision integral is replaced by mathematically simpler 
term retaining essential features of collision. This 
equation has hitherto been applied successfully to several 
flow problems, e.g. propagation of plane wave by Krook et 
al., linearized Couette flow by Willisz and structure of 
shock wave by Liepmann et al Short account of this model 
in relation to the standard Boltzmann equation is given in 
Appendix 2. 
   We further assume that the velocity and temperature jump 
of the wall are so small that the fundamental equation and 
the boundary conditions may be linearized. Then it turns 
out that the effect of wall motion is never coupled with 
that of the variation of wall temperature. Therefore, 
the two effects may be analyzed separately and superimposed 
to form the answer to the generalized Rayleigh problem. 
Part 1 of the present paper concerns mainly with the effect 
of the motion of the wall and in Part 2 is studied the 
problem of wall temperature variation. 
4 
      Shibata and the author have quite recently investigated 
how the initial plane of discontinuity in tangential flow 
velocity diffuses basing on the B-G-K model. This has
5obvious resemblance to the Rayleigh problem, but an essen-
tial difference of no presence of solid boundary in the gas. 
Comparison of the two results may serve better understand-
ing of the dynamics of dilute gas and a brief summary of 
the  study is given in Appendix 5. 
   The author expresses his cordial thanks to Professor 




  Part 1 
Analysis of Linearized Rayleigh
     Kinetic Theory Analysis of Linearized Rayleigh 
     Problem 
Summary 
   The  probleri of an infinite flat plate set impulsively 
into uniform motion in its own plane in an infinite mass 
of fluid is discussed using the Bhatnager, Gross and Krook 
model of the Boltzmann equation. The velocity of the 
plate is assumed to be small and the equations as well as 
the boundary conditions are linearized. The velocity 
field and the stress on the plate are obtained for both 
short and long times. For short times the solution repre-
sents a perturbation to the linearized free molecular flow. 
It involves also at long times essential difference from 
the classical slip flow near the boundary. Numerical 
value of slip coefficient is calculated.
.7
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§ 1. Introduction 
   The investigation  of the dynamics of a gas bounded by 
an infinite plane which is set impulsively into uniform 
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motion along its plane was first treated by Rayleigh. 
He considered that the fluid is viscous and imeompressible 
and that its motion is describable by the Navier-Stokes 
equation subject to the non-slip boundary condition. 
Removal of the restriction that there is no slip in flow 
velocity at the boundary was first made by Schaaf.7 For 
a compressible fluid the classical Rayleigh problem has 
Po 
been examined by Howarth, Van Dyke, Stewartson, and 
'I 
Hanin. It is clear, however, that the Navier-Stokes equa-
tions are inadequate for the description of the gas shortly 
after the plane has been set into motion. Howarth in 
fact questions the significance of his solution, based on 
the Navier-Stokes equations, for the period of time which 
is small compared with the time between molecular colli--
                    IJ. 
sions. Yang and Lees investigated the linearized* Rayleigh 
problem by means of the Grad's thirteen moment approxima— 
    '3 
tion. This method was however found to be inadequate at 
short times, predicting incorrect values for both the initial 
stress and flow velocity. Gross and Jackson also investigated 
the problem using the half-range method of solution of the
* "Linearized" means that the velocity is assumed to be 
 so small that the equations as well as the boundary 
 conditions may be linearized.
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Boltzmann equation. This method gives exact results for 
the initial flow velocity and stress at the boundary,  but 
seems to be still inadequate to describe the propagation 
of the disturbance. 
   We here try to obtain a complete solution of this problem 
with B-G-K statistical model which should prove to be 
very instructive, both for an understanding of the short 
time behavior of Rayleigh flow and as a means of evaluation 
of the B-G-K model itself and other kinetic theory and 
continuum representations. It turns out that no explicit 
form of the velocity distribution function is needed to 
obtain mean quantities such as flow velocity and stresses. 
An integral equation for mean velocity of gas is derived 
(Eq. (21)). Stresses are then calculated from the velocity 
field (Eq. (25)). The velocity and stress on the plate 
are obtained for both short and long times. For short 
times the solution represents a perturbation to the linear-
ized free molecular flow ((6),(40) and (42)). It involves 
also at long times essential difference from the classical 
slip flow in a thin layer adjacent to the boundary, with 
thickness of the order of mean free path C(57) and (59)). 
The flow field outside this layer may be described by the 
slip flow solution with appropriate values of kinematic 
viscosity and slip coefficient ((44) and (55)). Some of 
the results obtained here are compared with the correspond-
ing results from other methods such as the free molecular
                                               10 
flow approach and the method of half-range moment due to  ' 
Gross et  al./i(Figs. 2, 3 and 4). There is found consid-
erable difference between the results by Gross et al., and 
ours for the initial rate of reduction due to molecular 
collision, of both the slip velocity and the stress on the 
plate (Figs. 3 and 4). Our result for the stress on the 
plate for long times agrees with the classical results of 
Rayleigh or Schaaf up to the order t- where t' is 
time and it gives about 10 larger value than the result 
obtained by Gross et al. The latter involves a deviation 
from the classical result due to a molecular boundary effect 
even in the order IX (Fig. 4).
 11 
  2. Fundamental Equation 
   We consider the motion of the fluid bounded by an 
infinite flat plate which is initially in equilibrium 
with the bounding fluid and set at some instant impulsively 
into uniform motion in its own plane. We choose a 
Cartesian coordinate system ( x , 4 , j ) fixed in the 
space in such a way that the z -axis is in the direction 
of motion of the plate and the y -axis normal to the 
plate. The fluid is in the region y 0 (Fig. I). 
It may then be assumed that the field quantities are 
independent of x and 3 ( j):=~= 0). 
   We use here the Boltzmann equation with the collisional 
model suggested by Krook et al. Let nt be the mass of 
a molecule, 17 = ( tt , V , W ) the velocity of a. 
molecule and f the mass density ofmolecules in 6-
dimensional space ( x, y, z; u, v, w ). Then, the 
Boltzmann equation for the present problem may be written 
in a general form 
     af + uf =,~lf~--fc/1() ()              f 
The riht-hand side is the well-known collision integral, 
in which rn pi) and f4'f,) are respectively proportional 
to the numbers of molecules gained and lost per unit volume 
and unit time at (x, y, z, t, u, v, w ). The main diffi-

















the complicated nature of the collision term. Thus, 
Krook et al. suggested so-called B-G-K statistical model 
which is much simpler  mathematically but conforms to the 
conservation laws of mass, momentum and energy, and at the 
same time represents certain essential features of collisions. 
The collision term in R-G-K model xs simplified as follows:
au) = 
       _ 
 pf)I42: 
h 34_   =[~~-K          err2k(u— )   TT
 (2  )
where 
p = 1 f alt-(3)* 
_pfiv(4) 
KT I(
1~ZIvCOill p        !9f 
and f , (/' = ( SK, * , o ) , 7' , and K are , 
respectively, the local density, gas velocity, temperature, 
and Boltzmann constant. The number x is a parameter 
which is related to collision time and in general may
* Integration f(..JdvisJr(. • hereafter carried over the whole 
  molecular velocity space unless otherwise stated.
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depend on the state of gas. In the present study, we 
assume  x to be constant for simplicity. It is easy 
to see that the collision term simplified as (2) possesses 
the same five collisional invariants Al , m'1 , mn'QJ , 
as the exact one. The connection of the B-G-K kinetic 
equation with the standard Boltzmann equation is discussed 
3 
by Kogan and Liepmann et al. (Appendix 2). 
   To describe the interaction of the gas with the boundary, 
we shall assume the diffuse reflection. Namely, i) the 
reflected molecules have a IY[axwellian distribution charac-
terized by the velocity and temperature of the 
fv.fdtr=oplate, and ii) the net mass flow at the plate vanishes ( 
at I = 0 ). Also, the temperature of the plate is 
kept constant at TO . 
   In the present study, the velocity of the plate U is 
assumed to be much less than the velocity of sound in the 
gas so that the fundamental equations as well as the bound-
ary conditions may be linearized. To carry out the 
linearization, we write 







 where  T is the initial temperature of the system (or 
 the wall temperature at any instant) and P F is the 
 Maxwellian or equilibrium initial distribution with density 
Po , temperature /o and zero madroscopic velocity. 
 Since we are concerned with the case of small plate velo-
 city, 1 ( and so W , f and 2 ) may be considered 
 to be of the first order of smallness. If we neglect all 
 the higher order terms, Eqs (1) to (5) become 
         = A 1 00 — t)-1- dirt +-r(ftv--,i)j  --)1)+v— la) keiL-4.131 
Fdr(02) 
3 (4)4.r) = jvasts 03) 
where a'a(% is a constant (collision frequency) related 
 to the mean free path  as of = (21/4,Y~ig ) . 
    In the present case of constant well temperature, W 
       and Z may be set all equal to zero. This will
 be verified later. We then have
7
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        1l---- _ A.'f' 2 Iuxa 
 at+~~~~(Net) 
,z =f u,Fdv(/2a) 
   The boundary condition at the wall is that the reflected 
molecules should have a Naxwellian distribution with mean 
velocity U and temperature T . That is, 
_~ (1tt(i)) expi A{(u—ut+v +w }
where (f) a function f t alone, is related tof(tr(o) 
                                                                 • (and thus to ( (v<0)) by the condition of no absorption 
at the wall ( r vjthr=0  at y=0) . Since U is 
very small, the above condition may also be linearized, 
obtaining: 
      = ,(-1)-t2tuU 
where(Ii) 
t(i)  = — 27F d v 
                       v-(60~= o 
It will be shown later [cf_(19)] that Oa)  may be taken 
zero in the present case. Thus, the boundary condition 
at the wall becomes 
      =z uU(v-> o) at, 0 (Ma)
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Further, the condition at infinity is seen to be 
 --~ 0 (r< o) q4 CO (/4B) 
while the initial condition of the problem is 
= 0td" t= 0(/6-) 
   To solve the system of Egs.(10a) and (12a), we apply 
the Laplace transformation defined in the form 
CO 
M CA, ) = fMt) y) ez (46 dt (/6) 
where ,• is the transform variable and M(.e jy) the 
transform of a function /44 t,,, ) defined for all positive 
values of L' The Laplace transforms of (10a) and (12a) 
are written in the forms 
  ~---(17 ) 
AX =u~Fdtr(I2) 
A Solving (17) for 56 under the conditions (14a, b), we 
obtain 
      tl8z Qr.~( io— P)deYo (V < )
18
 =z =,e_4-My  p{V 
   24.1-111,~_             'exp'(y-61,0  (1I  >  0) (2°) 
0 It will be seen thatl~n  and hence 96 are odd functions 
of u. Eliminating from18                 g 1p(), (19) and (20), we find 
that the flow velocity 
bz satisfies the following 
integral equation: 
n 
U V 4 ° 
      114 ( x) ^ ,(1444+11)1Y—Y*1) 4 Ye(2 
        U 
0 where the functionsJn4 are defined by the integral 
                    co 
  J)= ex,_( + d22 
/6 /7 
and have been investigated by Faxen and Abramowitz (Appendix 
   The shear stress px, is written, by its definition, as: 




The corresponding Laplace transform is 
    A 
  192'  = 
2 u v' A Fdv-(24.) 
 AU v 
Substituting (19) and (20) into (24), we obatin the formula 




  )?,U2 =11R-114 , 
       ~Jr'+ -Y8=      —()~o)) dU 
      U(--S7Jo(~(4+4(Y.—Mdqo (2k) 
U Especially, we have at y=G the result 
--L-_—~--J((4~A) 0)dZI —o~a (z 
gill/y=0y=oz717:WAIU 
                        0 A 
   Considering that (or 96 ) is an odd function 
of u, the normal stresses /xz etc. and the pressure 10 
are easily seen to be constant, i.e. 
10 (27) pxx ==_ =/Zr
     We now introduce the following non—dimensional 
                                             Ai    —
v ,              (70=1A)0),=   p~J(28)      _ A(izandA .- 
   UpU_ 
  With these variables Eqs. (21), (25) and  (26) are rewritten 
  in the forms: 
co 
_ I io ai-4- fi) + QJC-#I)1 —old (29) 
0 
------- T,((r#i) 7) fi 
            a- Q (67-1-0(7 74 dro 
               7 -t' 6Z J ((°-4-/X(7— l))d]o (3 0) 
                                     co 
(PXY)__=I_I—Q.4 -41),1.~    r,~uz~~)7o1) 
    Before proceeding to the solution of Eq.(29), a few 
remarks will be made about he fields of (,v , 9y and 
Z` . ,In deriving Eq;(21) and the boundary condition (14a) 
 we have assumed that 4) , Sy , Z and 0) are all 
equal to zero. This is easily verified from the fact that
   20 
quantities
~:
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 r (or  96 ) is an odd function f u (Eqs.(19) and (20)) 
and the definitions of W ,  , Z and 0(t) (Eqs.(11), 
 (12), (13) and (14)). Secondly, the wall temperature is 
 assumed, in the present study, to be kept at a constant 
 value ; . It can be seen however that even in a more 
'general problem in which the plate velocity U and its 
 temperature TNT are arbitrary given functions of
tf e field 9z and the fields w , Q'i and Z are 
A not'coupled so long as the conditions for linearization 
orgyl, I T-TI<<7 etc.) are fulfilled ( 4.). 
 That its, we obtain two sets of equations which are not 
 coupled with each other, one concerning 9xand rj only 
 and the other containig W , d
ty , Z and Tw alone. 
 Our solution given below therefore may represent the 
 velocity field of more general problem in which the wall 
 temperature 7, is not necessarily equal to Tfor 
         0 . The problem in which the wall temperature 
 jumps suddenly from T to 774/ (slightly different 
 from jr; ) seems also to be of considerable int rest 
 and will be treated in Part 2.
22
where 6(7- 74,) is Jiirac's delta function. Thus, 
approximation for (;), may be obtained by  substitu 
first term which represents the free molecular flow 
T--,00 into gof the second term on the right-hand 
of Eq.(29). That is, 
 Q=a„J(o(7) -t-c 
with 
00 
I = J (o(7.) J_,(dI1-701)470 a= +1 
The task is thus to evaluate the integral in (32).
§ 3. Velocity Field and Stress 
   In this section we shall first study the motion of the 
gas by solving the integral equation (21) or (29) and then 
calculate the stress on the plate by the formula (31). 
3.1 Solution Suitable for Small Values of the Time 
  For short times ( of << / or 0- / ) , the motion of 
the gas is expected to be close to the free molecular flow 
( )1. =0 in (21)). This can be seen by observing that 
the function J! in Eq.(29) has the property 
   J_, ~-t~~17- 7.1)--P                 OF; (7- z) (7-_ CO) 
here S17- %)  irac's lta ction. us, a first 
i ation  i ed  tituting the 
irst r  ich resents  e lecular  for 
a -..ocoo to (Lai'  cond r    ht-hand side
(32)
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a) Near field to the plate  (eyA. or 0-7 << / ) 
   The integral may be split into two parts, 
      7 m 
I =+J(d7.) ,T,64(17-fiol)dyo 
0 7 
In the first integral, the quantities 0(70 and Q( C7—io ) 
are both so small that we may use for 4(01) and .1_,(047-7a 
respective series expansions* around 70 =0 and 717=7  
and integrate term by term. Thus we halve 
fi 
4-z r (33) 
0 where r =0.577.... is Euler's constant. To evaluate 
the second integral, we insert for It its definition, 






exp _(r4 r) _ d3 
     d 
o ?+1 
   -'d_7141(a +I) (34) 
      8
* Appendix 1
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Combining (33) with (34), we have the result 
I x- f + C(~             1 I- 3 t-r r 14) (3.0 
Taking the Laplace inversion of (32) with the aid of (28) 




+at Ei+144)11719  -t I1- 
T y~ (36) 
In particular, we have on the plate 
  .if' ( 37) 
    U ty=o z 8 
It will be seen that the flow is more accelerated than the 
free molecular flow ( A, =0) on and near the plate. 
This is because incoming molecules have obtained the average 
velocity in x-direction due to collision with outgoing 
molecules (Fig.2 and 3). 
b) Far field from the plate (0 >> / or 01;3N./ ) 
  Breaking the integral in (32) into three parts: 

















 The distribution of 

























Fig. 3. The slip velocity on 
GROSS: Method of half-range 
  SLIP FLOW: 1i _ / /,2bt
the plate as a function of time. 
                   4
 moment by Gross and Jackson. 
   = /. 80 [(58)J
N
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and integrating by parts, we have 
 I = 2 (o)Jo(°e fi)—iT(zy)1 
                              2 
              ~cl 
                2. 
+ z j J(a7.)J4(7-Z,))d70 
D
           Co 
     Jz,(o7JJ(o'7._7)d7. 
      7 Integrating by parts further and tal'ing into account the 
asymptotic behavior f 4 for arx). / *7 we get 
I= d zT(o) Jo(d7) f J(o)J (dfi) t ... (3k) 
Thus for 0(7 >> / , Eck _ (32) is reduced to 
Q_ J ((o.,+07)+2IJ ((c•-#1) )+...(31) 
from which we obtain the macroscopic velocity of the gas 
in the form: 
8x==~ -~tz- ~ f l --~fjlay/ 
                      if 
    Xex[(ff)2J(o)      ~'-------- 
* Appendix 1
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  Px 
fU~iro 2 - zl'-^z'`°~('zt')~J 
— .cofui+0 ,377 
At 
where the second term represents an effect of mole 
collision resulting in the reduction of the stress 
plate (Fig.4).
For large 0 , the flow is less accelerated than the 
free molecular flow ( A, =0), because reflected molecules 
lose some of their average velocity in x-direction by col-
lision with molecules going towards the wall before they 
reach the point in question (Fig.2). 
We next calculate the stress on the plate. We insert, 
as a first approximation, the first term on the right-hand 
side of (29) into 0 in (31). Then, 
                                                     a,        1JI - Cp= op-J(d 70) 1 o
2fU 
—1—rA(,r-# j(400 
Inverting (41), we obtain the required stress in the form
 (42)
cular 

























3.2 Solution for Large Values of the Time 
   Before solving the equation (29) for At  >> / , we 
shall first give formal derivation from (21) under A.Ap 
of the Navier-Stokes equation and slip boundary condition 
By this consideration we may clarify some defects of the 
classical theory. 
   Carrying out integration by parts successively on the 
right-hand side of (21) and neglecting the term involving 
fit (.4'#`A) y on account of its asymptotic 
behavior* for (,etA) y >> /(which does not 
hold for 0 4< / ) , we have 
                          aa 
.r  I  _ _ z  fz2X61(1-1-AIA)Z at ti'i .&(J-i-4~A 
00 A 
xx841J(i44Ia~l>>/ (43) 
         a Also we neglect here higher order terms in (4/x ) as 
well as the integral on the right-hand side. Then, it 
follows that 
A 
          =-.-. - gx 
         2 .)r
* Appendix 1
(The solution of this equation  AP) 2x1•{—,~~~,eJ 
justifies above neglect of the integral.)tInverting this 
equation we obtain the Navier-Stokes equation for the present 
problem: 
4‘x=/,)2gx (44-) 
at 2f ar 
Thus, 1/4A901 is seen to correspond to the kinematic 
viscosity )J . 
   As for the slip boundary condition, we set y=0 in (21) 
and carry out integration by parts successively. Then 
we get 
(/.,.24/,  (a) — U = -
 1*-4/A, .SI FfA(1+-A47 
                                 fay       )( -1-21 .7(44-tA),Joiyol (0)           V1Di  
If we assume here that .hq.(44) is still valid near the 
boundary, the second term on the right becomes higher order 
( 0 (A/A )2 ) than the first. Therefore, neglecting 
higher order terms in ( ) , we have 
U/OA) 
        A   Thus, 
()Ix) 
fx)ro V ~- x, a Y=o ( 46)
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This is a
4P= ifFirT. The 
and does not 
Further discussion 
cient. 
We now  
of the gas for AA 
For this purpose w 
where Q 




   =. I Teacr-
   fiF 
        slip 
   ri ht-
boundary condition with slip coefficient 
         above procedure is however only formal 
l t de a reasonable value for S . 
         will be made later of the slip coeffi-
        o the main problem to find the motion 
>> 1 , especially near the boundary. 
e assume the solution in the form: 
:7===7+(47) 
ponds to Q of the classical slip flow 
f/64A. d g _ ( 18447  ,I ) . That is, 
    ir;:(1r; + !Fs----------))ex lii 7 (') 
          is 4 
 is a constant to be determined below. Substi-
        29), we have 
thand e of (29) ) 
         1co      +',~)+' Q J_ (ca"4'I)IHo c/70 
0 
  +biz J_, (ca--r >> I,  .O d7o 
          0
33
For small  o- (and o-fi ), each term becomes: 
  (1st term)= or f~~~ - Q(1) 
  (3rd term)= ( Z11(17-71017o  t ~~°"% 
0 
 (2nd term)= —1              1 ) 
OO 
          x J((~+~)~"~-~o~) ex {- f } d70
0 =( )11%  
                       0 
                                      z       _)1i r°40                  exp(-  e 
0 +1 exp(?r*a," 0(5] 
             0 
       =( *Fr expE z71) - J,W- 2J,(7)1-00- 
      = '14" ire--(17-+fra) "Prim 7) 
          - -01.7.10(7)+-k: [a-Z(7)-ff )(7 -D(z)
 34 
From these results we find that the function VT) satis-
fies the following integral equation: 
                                               oC        ISZ(7) =[,Jl?)_(7)t~—~~~~)J—~)'70(47) 
We shall denote by 'do the value of the parameter /I for 
which the solution Z(7) of (49) tends to zero as 00 . 
For arbitrary Values of /le and 7 
  Zl7) Ziff)__(f—o)070)16=15Apo 
which is easily verified from (49). Thus 
      l7)/3—Q—~ (fi—fio)44 17-'00 (u3 0 0.) 
The field is therefore describable by the solution (48) for 
classical slip flow with /B = /Bo except in a layer 
adjacent to the plate with thickness of the order of mean 
free path. The correct value of the slip coefficient E 
may thus be taken asS =( /Bo i147 ;1, ) . 
   We now proceed to find Z(7) from Eq.(49). Our main 
concerns are the value fib (for which 27(7)-->0 as 17--bp-o0 ) 
and the behavior Of 7(7) near the plate (for / ) . 
In order to obtain the value /o , we shall apply the 
moment method to Eq.(49). The solution 7(7) with, 16. =r"o 
tends to zero as 7 - op and may be considered to represent
35
molecular boundary effect. We shall assume  v7) in 
the following form: 
V7) =  J (y) f d, 73(7) -t- d2,T(7) t 0(373 (V (Pi) 
where c4 , 0( , 0(2 and 0(3 are constants to be deter-
mined below. We substitute (51) into Eq.(49), multiply 
it by y / (m=0, 1, 2, 3 and 4) and integrate from 
    =0 to 7 = GO Then we have the following 
system of linear equations for p(0( , 01, , 0!2 , old and 
fib 
(1-44(0)111-- 
 (E1'i,t ) •-—~'~'Z) 2(d) (r2 
where 
00 
   = ( 4,2 flt+ r.)1 d 1 En,..i= if ( ill* 47 mPI 
           0 
I,,+//t,  Ho, ft ... I4 3. . .0. 7 
0
fr I— ( stk.?' ))
 (II)
36
From these equations we obtain 
 /"' =1.801(J-4i ) 
o(o =0.168, o(~ =1.469,o(2=-2.496, 0/(=1.269.I) 
Corresponding value of S is 
= o.90/(#) 
where ,e =(24:5 h/1) is the mean free path. It is 
found that the numerical values in (54a) and (55) remain 
unchanged even if the series (51) is truncated by the 3rd 
term and only four moment equations are retained. The 
result by Gross et al. for(5%is 
= 0. f3 
  We next consider the behavior f V7) for 7 C< 
Z(7) may have some singularity at fi =0. The solution 
C(51) with (54b)) obtained above is an over-all approxi-
mation to2(7)for 0 <-74(  40 , so that it is inadequate 
to accurate description of the local behavior of Z(7) for 
0 < 7 << ( . We must herefore return to Eq.(49). 
It may then be expected that the integral in (49) is 
relatively insensible of the said singularity of 2F(7) 
at 7 =0. We may therefore substitute he over-all 
approximation (51)with (54b) for Z(') there. Then, 
performing approximate evaluation of that integral for 
<< I and expanding the first term also for small 
, we arrive at the following result:
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 Z(7) s Co + C1 77,17-1- C27-f-. • • 7<f/        /O/l
(5-6) 
Co =0.436, CI =0.578,CZ =0.396. 
   Now, taking inversion of (47), we find the gas velocity 
in the form: 
                    =fx st.Z(vT - P) .f....(57) 
  U— U ^r-At 
where AA is the velocity of the clnssical slip flow 
with y =( Vax ) and ' _ ( /Bo/ -) . Namely 
  gxs = Frc            if y--~rxaert 
 Uzatpfib 
                               I 
          X Evc•Ikt .It                  zatzf, (s?) 
                 rf 
   ErieJ_~— 9b1—Jdf  f 
0 For small values of fir A, (= =~-- •) , we have from 
                     triF 
(56) the result 
        C—,qo11_÷ifirlyiel.107(ffAf1-C2—y) „,of 
U ~-~ t
 C  5i)
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and especially, the slip velocity on the plate: 
                      R   x,C° —A°'c' (60) 
      ~—o U 
The second term in (57) (and terms proportional to  C` in 
(59) or (60)) expresses a correction to the classical slip 
flow, which becomes significant near the boundary. It 
represents a kind of boundary layer with thickness of the 
order of mean free path, as noted by Gross et al. In such 
a thin layer reflected molecules from the wall rarely have 
a chance of collision so that the effect of molecular 
boundary condition becomes important and the field has the 
same character as that for small time. 
   We now calculate the stress on the plate (y=0). 
Substituting (47) into (31), we obatin 
m Rt y.) 0 = Qp (674,0 d 
       ! z (&-~ I)) I o (a) 
0 For small 0- , each integral in the parentheses can be
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easily calculated as follows: 
 (2nd term)  =  f'  
oo 
        XjJ((cr+-I) yo) erp f-701 d 
                 0 
                             1,jarI 
    i(------------1zzir            ~C~+~) 
and 
                 co
l/   (3rd term)_Z/~70)Jot7o)d7o 
          0 
            7C2         zo^~/ 
where the last integral is easily obtained by integrating 
(49) from 0 to CO . Inserting these results in (61), 
we have 
  (P)0(2)             (RP-7U 
Inverting this, we get the stress on the plate in the form: 
     s  I (if » ) (63) 
   PU2 -f2T(kttU
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This agrees with the classical results of Rayleigh and 
Schaaf with V =( 14,N, ) up to the order ( t- ) * . 
In this connection it may be noted that the result due 
to Gross et al. involves a correction to the classical 
                      1 
formula even in the order rs, giving about 10% smaller 
value than ours. 
   Fig.2 shows the distribution of the mean velocity of the 
gas for AL =0.2, while in Fig.3 and Fig.4 are respectively 
shown the slip velocity and the shear stress on the plate 
as functions of time. In the same figures, some results 
from the free molecular flow theory and the method of 
half-range moment by Gross et at, are also shown by fine 
solid lines for comparison. Our solution contains a 
characteristic parameter A Therefore, to make the 
comparison, corresponding values of x in other works 
must be calculated through a common parameter such as the 
mean free path or the kinematic viscosity. Relation 
between the mean free path and the kinematic viscosity 
differs with the models used (B-G-K, hard sphere, Maxwell 
molecule etc.) and the result of comparison depends on 
the common parameter used (mean free path or kinematic 
14 viscosity) .1l=0.422,l®/a' in the case of Gross etal . , 
but )/ = (=0.443) in our case. We have 
used, as the common parameter, the mean free path for itT4t i
* To this order the classical result is independent of 
 slip coefficient S
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§ 4. Effect of Temperature Variation of the Plate 
   Here is considered briefly the case when the velocity 
of the plate  LAW  and its temperature T y .17,04-.400 
are arbitrary given functions of time -G . Egs.(10) to 
(13) are still valid in this case, so. long as the assump-
tions for linearization are fulfilled. Multiplying' 
Eq.(10) by F and integrating over all molecular 
velocities, we obtain the familiar continuity equation 
aw+4Sy _0(64)       -51"ay 
which relates d: with W . 
   Boundary condition at the wall is somewhat complicated: 
The molecules reflected at the wall have the Maxwellian 
.distribution with velocity U and temperattre TN/=T(rf~ll) 
Assuming (/ and Toy small and neglecting higher 
order terms we have 
 Oro-~i)+2(tuU(t)+t~                (f)(tZz-/ Cv> 0) (64) 
Here 0 is a function f alone and related to
4-0 ( Y < O ) by the condition of no absorption at the 
wall. That is, 
fv0fdv+fv4oFdv=  0  1/>0yV<0
and inserting (65) we have 
 —2  =oF 1v— 
 v<0f 
The condition at infinity is 
      --~ 0 (1/' < o ) 
We have also the initial condition: 
1= o at t=o 
   From Fq.(l0) with the initial and 
n given above,50 can be expressed in 
and 'Z" in a similar way as in § 2. 
10A I ^ ^ ^ = -1-2/ virt-c(k 7)1 
co 
and 
     -+zfuUtij(rv2 z.e/Yi 
   -~1+z f -t?"(% v? j)j 6
               I— Orr i 
             -39jezPi—'
            43 
           (16)
2 44 y aD 
boundary conditions 
terms of W , 
   The results are 








  44141 +2tr -rzf`-34exyodFdv- C68) 
           y 
                 z)pv•yo 
 v<oo 
This (68) is obtained from (66) and (67a). 
   It will be seen from (67a, b) and (68) that 
          nAn 1) 1 is a linear form of4),,?", v and 
A rw • 
2) Terms involving ji/z or Vin (67a, b) and (68) are 
odd functions of G! . 
/1^ AA 3) Terms involving w , gy , T or ~w are even 
functions of £4 . 
   Therefore if we take the first order moment 
  £fLIFdv 
we obtain a functional relation involving gx and U 
only. This is in fact an integral equation which reduces 
to Eq.(21) for constant U • On the other hand the 
two moments 
w= f4F dv 
     3(T-rw)=2te F du
* Note that the term [( ...) a ] has dropped out on 
gx 
  integration over velocity space.
 n do not involve8xandU,and these with 
determine cv  ,  tg.7andT. Further, 
easily be eliminated and simultaneous integral 
A for w and 2 are obtained. This problem 
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    Effect of Sudden Change of Wall Temperature 
    in Rarefied Gas 
Summary 
   The response  of  a rarefied gas to abrupt change of tem-
perature of bounding wall is discussed using the Bhatnager, 
Gross and Krook model of Boltzmann equation. The temper-
ture change of the wall is assumed to be small and the 
governing equations as well as the boundary conditions are 
linearized. The density and temperature distributions in 
the gas are obtained for both short and long times. For 
short times the solution represents a perturbation to the 
linearized free molecular flow. At long times it involves 
essential differences from the corresponding solution based 
on the Navier-Stokes equation in a layer adjacent to the 
boundary with thickness of the order of mean free path. 
Numerical value of temperature jump distance is also 
obtained.
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 1. Introduction 
   In Part 1 the writer discussed the behavior of a rare-
fied gas bounded by an infinite flat wall which is set im-
pulsively into uniform motion in its own plane (Rayleigh 
problem), basing on the Bhatnager, Gross and Krook model' 
of the Boltzmann equation. Though the detailed analysis 
was carried out only for the case of constant wall temper-
ature, it was noted there that the effect of possible var-
iation of wall temperature would not be coupled with that 
of the motion of the wall so long as the assumptions for 
linearization are fulfilled (small velocity, small temper-
ature variation, etc.). Therefore, the two effects may 
be analyzed separately and superimposed to form the answer 
to the generalized Rayleigh problem. 
   We thus deal in the present paper with the response of 
a rarefied gas to the abrupt small change of temperature 
of the bounding wall, basing on the B-G-K statistical model 
as in Part 1. The problem by itself is of considerable 
interest as one of the simplest and most fundamental prob-
lems of the rarefied gasdynamics, in which the boundary 
condition for temperature changes appreciably in a short 
time. 
  In § 2, the .fundamental_ . equations together with 'the 
boundary conditions are formulated for small variation of 
wall temperature. It turns out that no explicit form of
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the velocity distribution function is needed to obtain rel-
evant mean quantities. Thus, simultaneous integral equa-
tions for density and temperature of the gas are derived 
 (Egs.(17a,b)). Approximate solutions of these equations 
are obtained in § 3 for both short and long times. For a 
time which is short compared with mean collision period of 
gas molecules, the solution represents a perturbation to 
the linearized free molecular flow ((27) and (29)). It 
involves also at long times essential difference from the 
classical result based on the Navier-Stokes equation in a 
thin layer adjacent to the wall with thickness of the order 
of mean free path ((40) and (41)). The field outside this 
layer may be described by the classical solution. Numer-
ical value of temperature jump distance is calculated ((38)).
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§ 2. Fundamental Equation 
   There is a semi-infinite expanse of a dilute gas bounded 
by an infinite wall which is initially in equilibrium with 
the bounding as  at temperature to We consider the 
behavior of the gas when the temperature of the wall is 
suddenly changed to Tw at time t= 0 and then is kept 
constant. We choose a Cartesian coordinate system (x,y,z) 
with its origin on the wall and y-axis normal to the wall. 
The gas is supposed to be in the region y>0.  It may 
then be assumed that the field quantities are independent 
of x and z(ax,=a~ = 0 ) 
   In the present study we use, as in Part 1, the Boltzmann 
equation with the collisional model suggested by Krook et 
al. Further, we assume that the temperature jump Ty—To 
                                                       of the wall given at t=0 is so small that the fundamental 
equations and the boundary conditions may be linearized. 
Thus we obtain the following equations: 
 a ~. va0 =~ w- ¢fzvgs-t-T(n.~r- z )(/) 
 atay 
= joFdr(2f 
*) Integration J(...)IV is hereafter car ied out over 
the whole molecular velocity space unless otherwise stated.
 51
—JvFdv• 
 3 (w+Z) = V2yF~l~r 
z~ 
 3
1    =4)7 ex/9f—j(u2+v-w?)  F } 
         1 zk7 
where m is the mass of a molecule,'=(u,v, 
of a molecule, po F (0 + c)the mass densit: 
in 6 dimensional space (x,y,z;u,v,w), f)004 
density in physical space, 1 =(0, gy ,0) 
ity, T 0+17)  the temperature, `( the Bc 
tant and X a constant (collision frequency; 
mean free path  as 4 = 2 /(xihrit) 
ing Eq.(l) by F and integrating over all molE 
ties, we obtain the relation between (~y ar 
hydrodynamic equation of continuity: 
      +ag~= o   atay 
  We also assume the diffuse reflection to c 




ss ensity of mol 
), PO (/+ 
g1 ,O) the gas 
p( he oltzmann 
)
(x y' ) 
 ll olecular v 
n D,. nd
describe 






 related to 
Multiply- 
culareloc- 
       the 
   (6) 
escribethe 
    Namely,
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i) the reflected molecules have a Maxwellian distribution 
characterized by the velocity and temperature of the wall, 
 and ii) the net mass flow at the wall is zero (JUF(It#)dT=0 
at y=0). Thus, the linearized boundary condition at the 
wall may be written as follows. 
5by=0  9610) ~ Tw (P124 ) (v > 0) ( 7 ) 
where 
 0(4)=-21/7r71170FAY—TvI 
                o 
   YTo 
Further the condition at infinity is seen to be 
  ~--~ 0 (v<o) aa ) 
while the initial condition of the problem is 
=0 at t=0(9) 
   To solve the system of igs.(1) to (4) under the above 
conditions we apply the Laplace transformation (t-->s, 
9S--* 9D , etc.) The transforms of (1) to (4), (6) and 









w = F dam" (12)
gy=jvPdv (13) 
3
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      -~- Icz t2hrly-i-'111k11:1)jetri 










                (16), we arrive at the 
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iw .ems Jz(Y) —.4,(Y)1
+A rL2 y) {z(Jocv+zY)+4(f2(Y0) 
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-zoo +Jo 60) 
{21(Y) J y }
X w J(y)*J J2co) ~T J;(y)-2 ~z w 
0
J(y))duo








 y=fad-FA)  y , y =~(.f+A)Ya 
  y, =V (4+A)I'-yoI 
and the functions071 ,d are defined by the integral 
                     00 
   J,A) ='vxp{--32j. d5 (Ia) 
0 
   In terms of the non-dimensional quantities
Ad 
7 = i7a-Y ,               ('i=i/'),o-= 
                 A(I?)    fA_ 
w ,~'=A, z 
the resulting equations may be written in the forms: 
11(7,69_ ! "'J2(Y)- o(Y)) 
co 
      -*-2T(Y)J12•(T(Y)+~+ J(Y)±7((Y)—z4(Y))d 7o 
t u•(~,(Y)+ + J(Y)+J ( (Y)—z1(Y,)) d7a 
O (z0 a) 
*) Appendix 1
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7(71 T-) ~ 
 *  3  (z),;(Y)-J(Y)) 
  x J(J(y)tvz-+~O)+',7.4%)-z.T(Y)) d , 
0 00 
1"3 111.4J(Y)ta4,J,(y)-41,(Y)) 





(a-+')y , Yo= 
(1-1-1)111—M
fr.,- j)  7
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  3. Density and Temperature Distribution in the Gas* 
3.1 Solution Suitable for Small Values of the Time 
  For short times ( or  0->>/ ) , the state of 
affairs is expected to be close to those of the free molec-
lar or collisionless flow ( A, =0). 
   For free molecular flow, the right-hand sides of Eqs. 
(17a,b) degenerate into the respective first terms and we 
easily obtain the solution: 
00 
 w = exp(t1— exp{fJ d(2I a)   ((ç) 
           3Zco 
  ='Z-"'3t14exp(~I))t exp(--1L 1df(RI) 
                                               ,~U In Fig. 1 are plotted 0) and'Z'against (I4/¢ ). The 
gas is seen to be rarefied on and near the wall, for out-
going molecules have higher velocity on the average than 
incoming molecules. For moderate and large y , the gas is 
condensed because reflected molecules with higher velocity 
overtake molecules with lower velocity which are reflected 
on the wall for t4(0. 
   Now, a refinement of the above results for short times 
*) Once the density field is found, the velocity g!
ry is 























in the gas ( x t =0.2) CO
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may  be obtained by substituting the first terms (which rep-
resent the free molecular flow for p- 00 ) on the 
right-hand sides of Eqs.(20a,b) into f, and 7 in the 
successive terms. Namely, 
 =
alit"(Y)-J(Y) 
      -t- 2 (YJ(Y)-J(Y0)T(Y)+zo-J(Y) 
                       0 
          +(3J4(Y)-T(Y)tJ(Y))(I2(Y)- z J(Yo))d70 
                          00 
     +J(Jz(Y)J(Y))(T/(Y)+-J(Y))         nl 
0
         +3T(Y) I(Y)+J(YYI)- z J^(0d7 
(zZa ) 
   'rwzJ(Y)_J(Y)tJ(Y) t=2T2(Y)-JCY)} 
  U-7C3~7C 
                    00 
xR,T2(Yo) J(YoKio(Y)i-5+ T(g 
    0
        +(314(1/)—I(Ya)-1-viop(20—zzYo)) d7o 
              Co 
-1- z(J(Y) J(Y))(~iJ(Y) t4J(Y)-z m)) 
0 +(3 J(Y) J(Y)+J4(T (Y)-JA-fivXA 47 
(22 )
60
 Jh(co) J,(47-7°0)dyo = —Z1(0171114 7+(z _ 1)?  
0 JJ,(d 70)4(°01-11)6170 ,Tn (o) .T1(9 7 n, > 0 
0 where =0.577... is ruler's constant. To evalua 
second integral, we insert for its definition, 
the order of integration and carry out some manipula 
obtaining 
1,19, (°( ) J(d (71)d'lo=d (H,1 _ °(7Hn-1j+.~ 
                        ntl, ? 0
Thus, the task is to evaluate the integral of the type 
ao 
 I=.Tn(A)J4(d11101)dyo a=frt/) (23) 
0 
 a) Near field to the wall (i y /t << / or 0'7l << I ) 
  The integral (23) may be split into two parts: 
    (f~j°°I=Z1(0(70)1'6(17100 d7  
0 In the first integral, the quantities 0(7 and c(0'.--70) 
                                                 are both so small that we may use for andd f( t7-- ))
respective series expansions around 7 =0 and 1/ _ n  
0 and integrate term by term. Thus we have 
n
 (z4)






       °') ao  n+l  >itl  Hn)Jf('/o)J(%) d=y--2-exp_fj21ds. d 
0+l1 
O0ao +1 
       rn+I tev—Ytdr'cos'i0 sth0d           ~°~cos9t tn 60 (26) 
 o0 
Finally, taking the Laplace inversion of (22a,b) with the 
aid of (24), (25) and (19), we find the perturbation fields 
of density and temperature near the wall as follows: 
--Y-:=-1-Ilrii), ,,n~dr--4-t'f'aal + 41+ lt,~t(27 a) w~ 
T s_-__ ~—_I_(i_k_i)_i_Ai_141+~2~~t83zz ITtt(t(foji(274) 
  w where 
al = -0.101 , a2=-0.307) a3=-0.167 
4, = 0.20) 42= 0•x90, 43= 0.077 
Plots of the results for i1 ?'=0.2 are given also in Fig. 1. 
It will be seen that the gas is more rarefied and more 
heated than the free molecular flow case ( A =0) on and 
near the wall. This is because incoming molecules have 
lost some of mean velocity and obtained some heat due to 
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 b)  Far field from the wall (i' 41(/t );)0/ or O-,» / ) 
   Breaking now the integral I into three parts: 
      z'1'l o0 
o z~ 1 
integrating by parts successively and taking into account 
the asymptotic behavior of Ji for ay >> / , we get 
4-f 2[4~j(0)(q) *f3 0 2(7) 1-  
                +{Jn+1(0) J(0(7) + J, z(a),~_j (0(1) + •• , • . (2 8 )
Then we take the Laplace inversions of (22a,b) with the aid 
of (19) and (28), obtaining the density and temperature 
fields as follows: 
       z6(9)    Tln
T_ 
"w
y3fif [I + / (Vi]eexpl-(1M2i(z94)
The results are plotted also in Fig. 1. The gas is less 
condensed and less heated for large y than the free molec-
lar flow case, because outgoing molecules lose some of 
their ( outgoing and thermal ) velocities by collision with 
molecules going towards the wall before they reach the 
point in question.
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   It may be added here that the variation of wall tempera-
ture induces as is shown in Ref. 19 a pressure pulse 
(sound wave) which travels into the gas. The study of 
formation of this wave from the kinetic theory analysis 
will be of considerable interest.  The phenomena should be 
contained in our Egs.(17a,b) or (20a,b). It is however 
difficult to obtain complete solution for whole space and 
time. We have here to content ourselves with the informa-
tion of very initial stage of the process. 
3.2 Solution for Large Values of the Time 
   We now proceed to the problem to find the behavior of 
the gas for A L >> 1 , especially near the boundary. 
For this purpose we assume the solution in the forms: 
( ,)= s-t 12101)+...(30 a) 
 7(7)7-$*LC(7.) t .. •(3o g) 
                         Fcr 
where 12$ and 7s correspond to 12 and g/ of the 
classical results based on the Navier-Stokes equation with 
kinematic v scosity 11 =/2ii.1 , thermal conductivity 
k=5k~o'/           2lit (corresponding to B-G-K model), specific 
heat at constant pressure Co = "AK , and temperature 
jump distance ir I r C a/,Z . That is,
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  Js=A,eRi'l+ AzeR: 
                            (30) 
  7=rA,e"frA2eR2 
where 
  R,= 27 (I+0(Q9)  Rz=-j  e-(I+Ofr)) 
  A,--~"'I-(s+c~~+0(a-) 
 Az=V[i1-Ofr)J 
r, _ _(fit 0((r)), r2 — 2 (I+0(12-)) 
and c is a constant to be determined below. On substi-
tuting (30 alb) in (20a,b) and carrying out some reduction, 
we find for JL, and ^, the following integral equations: 
.12,(1)— fri/(J(7)_  -,22-1,01))+1T-2-c(T —pi)))                  i))
   4---g  J(1)IA,•J(7o)+.'(J2(70) —J 7e)) d0    nl 
                    0 00 
+Rj (I7-760)4.(J(I;)-i1O7iI))}d7. 
      irfr
0 
(3L&)
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 7/17) =3 {Js('l)-2J(~)+()+iz70J(7)+J(~)    1~—~' C34 
co 
    t 12Z(7)_Z(7)JJ1fl, (7.) +~"• (vi.-
        {ZO7— ?I)-- ~J,(ifi—fial)) 
             0 
          -.407-fiel)-V17-7.0 41107-10l4 duo 
(328-) 
We shall denote by co the value of the parameter c for 
which 07 tends tozero as ((;)-, 00.For arbitrary 
values of c and 1 
  i nhJ--1-(2.]=0c=cc=c0 
jc.,— C   o) w 
which are easily verified from (32). Thus 
*) If Jj, and 0, are solutions of Eqs.(32a,b), then 
AI + (arbitrary constant) and may also be solu-
tions of (32a,b). However, the only one which tends to 
zero as 00 satisfies the boundary condition (8) 
(c.f. (16), (30) and (31)).
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 [ (as''(--sov) (33a) 
The fields are therefore describable by the solution (31) 
with c=c0 except in a layer adjacent to the wall with 
thickness of the order of mean free path. The correct 
value of the temperature jump distance may thus be taken 
as S7=6fCol/z). 
  We now proceed to find , and from Eqs.(32a,b). 
Our main concerns are the value co for which 0 
as 7 —* oo and the behavior of 12/ andnear the 
wall ( 74‹ / ). In order to obtain the valueco , we 
shall apply the moment method to Egs.(32a,b). The solu— 
tions 12, and with c=c0 tends to zero as 7 m 
and may be cosidered to represent molecular boundary effect. 
We thus assume R, and in the following forms: 
12' a
, J0 + oc, J, + a2 J2 t 03J3 ( 344 )    T
w 
  .7;P
oJ+,J -1131,12.t3J3(34 ~) 
Tw 
where at ?ti and ,~ are constants to be determined 
below. We substitute (34a,b) into Egs.(32a,b), multiply 
them by 7'I'' (m=0, 1, 2, 3 and 4) and integrate from 7=0 
                                                          to 00 . Then we have simultaneous linear equations for 
t , /` , and Co :
                                           68 
 1L+1°)      —3mt,(0)} 177 Co 
fZ F Jtmt/0)+Pm* (0Ni,o'4(E",, ° 
    3 r 
 fZ~"J„,+,(0) (H11-i-i110).4-t  
+(Ei,I-2Ei,-/tI-1Him41,,-2Hit^nti,-/)PL 
    _J, v1t4(o) — -*22T07„2.(0)1 (3sa )* 
{f3(o)_Jjo)  +J,,41(o) c  
 +f „,+3(°) —J1(0)1/-1. ,o+(EI-2EM±1-1.f^,.+,-1H,tM+r~~ °('   .[{2In 
+-Z3T-+-Z,(   , ,1ri..,40)'x',* ( z.T'3(0) -.4,,,o)(iii, Hi, 2- 2 H , o )
           :rip^n4-.E.77,-/ ~ ii--1..N(~ 3 — Elm, I+ + ~c+ln+/ d —I,i-rritl,l+itInfl, -1 t 
   = 3{Jm,(°)-2J0)+J„,do)} (3ti) 
*) The equation for m=0 vanishes identically .
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where 
             •o 
 EN= S )."P ‘13 dS 
         0 
 = Trrm 
 Y oJMtnt,-t (°) •~titl~~~c., n 
 HZ, -exp{-Z ;Y)cdj 
           a Solving these equations we obtain 
co = 1.302 
o(o = 2.996, o(, = -19.534, da = 27.288, 
   0l3 = -10.449 
   ~Bo =-4.1931 A= 25.485, A= -34.466, 
A3 =13.029 
Corresponding value of ET is 
Yr= /.IJ4I 
where ,~ • _ 2A,65f is the mean free path. 
  We next consider the behaviors of 124 and
*) It is found that the 
converge rapidly. That 
and sr =1.1521 (or 1. 
truncated by the 2nd (or 








numerical values in (37a) and (38) 
is, we obtain co =1.300 (or 1.304) 
1561 ) if the series (34a,b) are 
3rd) term and only five (or seven) 
and 2 (or 0, 1, 2 and 3)) are
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 IL, and mayy have some singularity at 7 =0. ..Their 
expressions (34a,b) with (37b) obtained above are approxi-
mations for over-all domain 0 .(7.<  oo , so that they are 
inadequate to accurate description of the local behaviors 
of .~, ~ and 7 for 0 <' << 1. We must herefore 
return to Jgs.(32a,b). Since the integrals in (32a,b) 
are relatively insensible of the said singularities, we may 
substitute (34a,b) for fjg and 71 there. Thus, per-
forming approximate evaluation of the integrals for 7<< I, 
and expanding other terms also for small '7 , we arrive 
at the following results: 
TW
(39)~ 
  ,Z.eo +e,y117 -1- e27~... • 
   w where 
do = -0.479, di _ -0.666, d2 = -0.575 
eo = 0.623, e1 = 0.680, e- 2 - 0.359 
  Finally, taking the Laplace inversions of (30a,b) we 
find the density and temperature fields in the forms: 
*) Since di , dZ , ei and e2 are sensitive to the .f1,(0) 
and 210) , their values are corrected by making use of do 
and eo which converge rapidly.
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 Z  -  ,  1 
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Appendix 1 Functions A(20 
   Here are listed some important properties of functions 
4(X) which are frequently used in the present s udy. 
   1) Definition 
s4      (x) =fexpf—f— x }d (x  a 
o 
  2) 
01.1a112 = _ ,j (x) 
dX 
  3) 
                   00 
   J,,(o) _ SZerp{ 3:1 d3=--   I. 3•                    2;~t2h-I) 
              0 
  Jam., =I s'{ } z 
               o Jo(°) =z 
where it is a positive integer. 
   4) Series expansion 
,T (z) 
= °° (41 { 2 y(t fl) - V(2it2) -.4 xi X 1t1 
                       !(21-1-1 )! 
t=0G 
               00/ zit2                       z) x 
               into /. 3 •S-.. •(21#1)[(2i#2)11
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where r=0.577... is Euler's constant. The expansion 
of wheree l is an arbitrary integer is easily 
obtained from 4) by the aid of 2) and 3). 
   5) Asymptotic expansion 
x 
            3L(X)=",Er-"P3,z)_32                (x-* 00 I
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Appendix 2 B-G-K model3'15 
   Here is briefly discussed the relation between the 
standard Boltzmann equation and the simplified equation 
suggested by Krook et al. The Boltzmann equation for a 
monoatomic gas with no external forces can generally be 
written in the form 
   af+vaf = m(fJ               )-~() (1)  at DX 
where m is the mass of a molecule,f//nt the number 
density of molecules in physical (X ) and velocity (/)-) 
space, and 9( f) and (f/„n)it (f)are well-known non-
linear integral terms giving, respectively, the number of 
molecules gained and lost as a result of molecular collision 
per unit volume and unit time at (.0 , t ;Q1). The main 
difficulty in handling the Boltzmann equation arises from 
the complicated nature of the collision terms 9(f) 
                                             and (f/jn)c`(f ') . One way of simplifyingtheset rms
is discussed in the following. 
  We start with the loss term (f/m)it( f) . Consider 
the collision of two molecules with velocity 127 (molecule 
(0)) and Vi (molecule (1)). We assume here that the 
force of molecular interaction is of short range and pro- 
portional to r5where r is the distance between the 
molecules (Maxwell molecule). The molecule (0) interacts 
with the molecules (1) for any large approach distance.
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Thus, the loss term diverges if it is treated separately 
from the gain term and all interactions are taken into 
account. Most of them are, however, too weak to cause 
appreciable change in  V or momentum. When we consider 
the loss term separately, as in the following, we have to 
use a cut off (e.g. in momentum or energy) properly.* We 
consider here a cut off in momentum change. For collisions 
with large approach distances the change of momentum £M 
of a molecule may be calculated from impulse consideration. 
The result shows:~M Ncoonst                                       =I_ v, 
         6-402 
where b is the approach distance. On the other hand, the 
characteristic change of momentum 01 I of a molecule is 
mg when two molecules with relative speed g collide. We 
now disregard such weak interactions that the ratio 
SM/ M const/4491 /~4~ is smaller than a certain (small) 
value. Thus, the cut off value 40 of the approach distance 
                         Then the effective collision cross- is go-, const/ r 
                  o section=vois equal to 
7n       Oft-_
o 
where x is a constant which depends on the sort of mol-
ecule. We therefore obtain the rate of collision of a
*) It is also noted that dv is small but finite to assure 
the treatment by distribution function.
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molecule (0) with any other molecule (considering a cylin-
der of height gand base area  o = 1rt. /x O ) as 
00 
X ~ xf of ,•v-,)  dv. 
   -0o=P -mx 
where is the density of the gas. Thus, ------- dz dvi 
xm 
is the number of molecules (0) which take part in collision 
per unit time in the volume element d.idir under consider-
ation and leave there. Namely, 
   (±)A(f, xm 
The same relationship is obtained also from consideration 
of change of energy. 
   We next consider thegain term 901) . We must urvey 
the distribution of molecules after collision. This is 
more difficult to handle. We here content ourselves with 
a rough approximation. Important requirements for collision 
term 90) --(I-M(1) are i) it vanishes when f is a 
locally r•:axwellian distribution, ii) mass, momentum and 
kinetic energy in qhr are conserved; in collision of mol-
ecules (short range force) . Now putting 9(f)=x-ult~f~V")~ 
we see from ii) that F is a distribution having the same 
density, velocity and temperature as f. The functional 
form of F generally depends on f. The distribution of 
molecules which have experienced collision is, however, 
fairly close to equilibrium compared with their initial
                                         78 
distribution, as shown by Kogan.* We may therefore con-
sider, as a first approximation, that F is independent of 
f, that is, F=f0 where  fo is the Maxwellian distribution 
corresponding to f. Thus we obtain as the•gain term 
9 = xm 
   To sum up, the Boltzmann equation (1) may be written in 
the following simple approximate form (B-G-K equation) 
  4+v-=P(—ta~xfp) 
where x is a parameter which in general may depend on the 
state of the gas. This equation appears very simple but 
contains some moments of f in fo which are not known before-
hand and is still a nonlinear integro-differential equation.
IS *) 
Kogan calculated the distributions of molecules after 
collision for some distributions very far from equilibrium 
before collision in the case of a rigid sphere molecule.
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Appendix 3 Kinetic Theory Analysis of Diffusion of Dis-
continuity in Flow Velocity4 
   Problems in which state variables (e.g. density, veloc-
ity, etc.) change considerably in a short range (comparable 
to mean free path) in a gas are of main interest in rarefied 
gasdynamics as well as those in which the conditions of a 
solid boundary in a gas change in a short time (comparable 
to mean collision period of gas molecules). As a simple 
and fundamental example of the former phenomena, we here 
try to investigate how a plane of initial discontinuity in 
gas velocity diffuses on the basis of the Boltzmann equation 
 i 
with B-G-K model. 
   At time t=0 the gas is assumed to have uniform velocity 
U in x-direction in the region  y>0  and -U in y<0,  uniform 
density Po and uniform temperature To , and to be in 
equilibrium in respective regions. The plane at y=0 of 
initial discontinuity in gas velocity is released to diffuse 
for t>0.  We further assume that the initial velocity U 
is much less than the velocity of sound in the gas so that 
the fundamental equations as well as the initial and bound-
ary conditions may be linearized. Then, we can show that 
the density and temperature of the gas remain constant for 
t;>0.  More generally, we can treat the velocity in x-di-
rection independently of the density, temperature and ve-
*) t is time and (x
,y,z) Cartesian coordinate system.
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       tvt2 A u gx.)  ata 
   gz= u1Fdv- 
3 
   F Tex 12 (a21- vat te)1 -2k 
T where (Poi(m)F0-1-15) is the velocity distributi 
tion, (  the x-component of the gas velocity, m 
of a molecule, V'=(u,v,w) the molecular velocity, 
Boltzmann constant, and A. a constant (collision 
related to the mean free path as follows: 1 = 
The initial condition is 
=2iuU (y> o) 
                          Qt t= 
_ -2h° u v ( < o 
while the boundary conditions are
locity in y-direction in the problem where the initial den-
sity and temperature are also not uniform: Accordingly, 
our result given below may represent the field of velocity 
in x-direction in this more general problem. 




locity,  the mass 






The proof may be given in quite a 
  Nonuniformity must be small to
 similar way as in Part 
assure the linearization
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            is continuous at y=0. 
From (1), (2) and (3) we obtain, after some reduction, the 
following integral equation for ix 
 ft=1—J(r(AI1).Gt~1Or 
00 
     tort             frJ,(v(I+Aiy—yo1) do (4) 
-co 
where the bar over a letter indicates the Laplace transform 
(t-+s), the upper sign holds for y>C and the lower for y(0, 
and the functionsJn',4 are defined by the integral 
,in ()= jrex,f—f-J d 
0 
   For short times ( A* C< ), the state of affairs is 
expected to be close to the free molecular flow ( A. =0). 
For free molecular flow, the right-hand side of Eq.(4) de-
generates into its first term and we easily obtain the so-
lution 
y    Sz = zJexp(2)d j (6-) 
       fie U 
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The solution for short times for our problem may be obtained 
by adding a perturbation to this result. Thus, we obtain 
U [ 
 gx= — z~t_2    Il(~ 
        X----ex—(w2Iffij_14_11(,6$))]         pC~           Et 
The effect of molecular collision at the initial stage appears 
in the following way. Molecules coming from the region 
y;>0 have lost some of their average velocity in x-direc-
tion by collision with molecules which have emerged from 
y (0, while molecules from y<0  have obtained the average 
velocity by collision with molecules from y>0. For y)>0 
the latter effect dominates the former. Thus, the flow is 
less decelerated than the free molecular flow there. In 
other words, the diffusion (or mixing) is slowed down by 
molecular collisions. It is also noted that the result 
(6a) does not contain any nonanalytic term such as 
(4 /0/pq(/4/t) in contrast to the case in which a solid 
boundary exists as in Rayleigh flow. Fig.l shows the dis-
tribution of gas velocity against f`e. 0/ t for Ai" =0.4 
















Fig. 1. The distribution 
( 0.4)
of the velocity in the gas
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  For  A:boy  / , the field may described by the classical 
result based on the Navier-Stokes equation. That is, the 
classical solution with kinematic viscosity V= it2R A. 
(corresponding to B-G-K model) 
          ixY/ 2A.t 
    z ex!) (1G,0(—2)(7) 
           0 may be seen to satisfy the integral equation (4) by direct 
substitution if we assume t and t small* and 
                                                                 2 neglect these and higher order terms. (Note that Rayt 
may not necessarily be small.) The detailed analysis is 
similar as in Part 1. The above result may be compared 
with the result in Rayleigh flow where a solid boundary i 
plays fundamental role and a correction proportional to t z 
to the classical result appears representing a kind of 
boundary layer with thickness of the order of mean free 
path. Roughly speaking, for a,f >>/ , in the region of 
                           1 viscous diffusion ((Zt /6t A) k) which is much 
                                                         2 smaller than that of (free) molecular diffusion (y<                                        t),
*) Further study is required to clearthe detailed behavior 
      J for y2 t . The region 0aLl is interesting espe-
cially in the case where pressure pulse (sound wave) travels 
into the gas as in Part 2 since the ridge of the sound pulse 
is advancing there.
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mixing and collision of molecules occur adequately to assure 
the validity of the Navier-Stokes equation except near a 
solid boundary which does not exist in the present problem. 
It may also be seen from (6) and (7)* that the effective 
                                            zspeed of iffusion s slowed down from Q( fi 2) to Q{(2 &t) } 
as time progresses.
*) Note that the solution 
for a small perturbation 
froy/(2,1.0 } .
 (6) depends on 
 and that (7) is
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